Abstract. We consider the single layer potential associated to the fundamental solution of the time-dependent Oseen system. It is shown this potential belongs to
Introduction. Let Ω be an open set in R
3 with compact complement and with Lipschitz boundary. (For the purposes of this article, we need not require that Ω is connected. Thus Ω is only supposed to be an exterior set, but not an exterior domain.) Put Z T := Ω × (0, T ) and S T := ∂Ω × (0, T ) for T ∈ (0, ∞]. Then consider the following initial-boundary value problem for the instationary Oseen system in Z T :
u | S T = b, u(x, t) → 0 (|x| → ∞) for t ∈ (0, T ),
u(x, 0) = a(x) for x ∈ Ω,
where the quantities τ ∈ (0, ∞) (Reynolds number) and T ∈ (0, ∞] are given, as are the functions f : Z T → R 3 , a : Ω → R 3 and b : S T → R 3 . The velocity u : Z T → R 3 and the pressure π : Z T → R are unknown.
In previous articles, problem (1) - (3) was usually solved by semigroup theory based on estimates of the Oseen resolvent ( [4] , [5] , [8] , [10] ). Recently reference [2] proposed a potential theoretic approach which leads to solutions of (1) - (3) in the form of a sum of certain volume potentials plus a single-layer potential. This approach is useful 120 P. DEURING for deriving pointwise decay estimates of exterior Oseen flows (see [2, Lemma 18]), and it may have other applications as well. For example, it may help to provide regularity results for Oseen flows in Lipschitz domains, in analogy to the theory developed by Shen [11] for evolutionary Stokes flows.
In the work at hand, we consider the single-layer potential appearing in the approach from [2] . This potential solves (1) -(3) with f = 0, a = 0, and may thus be considered as a boundary-driven Oseen flow. The velocity part of this potential, which we denote by V T (Φ) which is less obvious, namely L 2 -integrability near S T and for large values of |x| and t. In this respect, we will show that
where V is the space of solenoidal functions in
T (Φ) corresponding to the relations in (4) will also be established; the right-hand sides of these estimates consist of the product a constant times Φ 2 , where the constant in question only depends on Ω and τ , but not on T . Actually, we will admit functions Φ with somewhat less regularity than L 2 -integrability on S T ; see Theorem 2.3 below for more details. In order to indicate why this result is interesting, we recall that a weak solution of (1) -(3) is typically defined in such a way that the velocity belongs to the space
. We further recall this space is a uniqueness class for weak solutions to (1) -(3) ( [13, p. 172] ). Thus our result means that a weak solution of (1) -(3) with a = 0 and f = 0 may be represented on Ω × (0, T ) by the single layer potential V (τ )
Such a representation is useful in many respects. For example, it immediately implies that in the case a = 0, f = 0, a weak solution to (1) -(3) belongs to C ∞ (Ω × (0, ∞)) 3 . Or it yields decay results for |x| → ∞; see [2, Lemma 18] for a simple example in this respect. But of course, all this is subordinate to solving the integral equation (5) on S T with unknown function Φ. Some ideas on this problem may be found in [2, Section 3] . A more complete study of equation (5) is in preparation. The open set Ω ⊂ R 3 with compact complement Ω c and with Lipschitz boundary ∂Ω will be kept fixed throughout. Without loss of generality, we may assume that 0 ∈ Ω c so that |y| ≤ diam Ω c for y ∈ Ω c . We put 
, and Lipschitz continuous functions a
2 → R such that the following properties hold true: Defining the sets
we have
These relations imply that
and that there is a constant
We further introduce functions
Then we have for any integrable function g : ∂Ω → R and for i ∈ {1, ..., k(Ω)}:
3 be a non-tangential vector field to Ω. This means that |m (Ω) (x)| = 1 for x from a neighbourhood of ∂Ω in R 3 , and there are constants
, and
Some indications on how to construct such a field are given in [9, p. 246] . Note that since Ω is only Lipschitz bounded, the relations in (9) and (10) do not hold in general when m (Ω) is replaced by the outward unit normal to Ω. We further observe that
Thus there is a constant D 4 > 0 such that
and for y ∈ ∂Ω\Λ
We write C for constants which only depend on diam Ω,
i (η)|, with η ∈ ∆ 1 and i ∈ {1, ..., k(Ω)}, and on the Reynolds number τ from (1). This latter number will be kept fixed throughout. If n ∈ N and if q 1 , ..., q n ∈ (0, ∞) are some other parameters, we write C(q 1 , ..., q n ) for constants depending on q 1 , ..., q n and also on the quantities just mentioned.
Next we state two results which are frequently used in the context of the Oseen system. The first one, for which we refer to [3, Lemma 4.8], reads as follows:
The second one is a special case of [6, Lemma 4.3] and is stated here as
Our main tools in the following will be Minkowski's inequality for integrals and Young's inequality for convolutions. For the convenience of the reader, we state these inequalities in the ensuing two theorems, in a form as in [12, p. 271] . As concerns the proof, we refer to [1, p. 26, Theorem 2.9; p. 34, Corollary 2.25].
where dx and dy denote integration with respect to the measures of X and Y , respectively.
Next we introduce some fundamental solutions. Let H denote the usual heat kernel in R 3 , that is,
We define a fundamental solution of the time-dependent Stokes system by setting
for z ∈ R 3 , t ∈ (0, ∞), x ∈ R 3 \{0}, j, k ∈ {1, 2, 3}; compare [11] . The functions Γ jk constitute the velocity part, and the functions E k the pressure part of this fundamental solution. The following inequality is well known:
Of course, if m ∈ N, m > 1, the same estimate is valid for α ∈ N 3 0 with |α| 1 ≤ m, with a constant C depending on m; derivatives with respect to t may also be taken into account. But for our purposes, it is sufficient to consider spatial derivatives of first order. We further define the velocity part of a fundamental solution of the time-dependent Oseen system by setting
(The pressure part of this fundamental solution consists of the functions E k introduced above in the Stokes case.) According to [2, Lemma 3] , the function Λ jk may be estimated as follows:
0 with |α| 1 ≤ 1, where γ(z, t) := |z| 2 + t if |z| ≤ K, and γ(z, t) := |z| · (1 + τ · (|z| − z 1 )) + t if |z| > K.
Next we introduce our single-layer potentials. For
The pair (V (τ )
) is called the "single-layer potential associated to the timedependent Oseen system", with layer function Φ. According to the following lemma, this pair solves equations (1) and (3) with f = 0, a = 0.
, and abbreviate
for 1 ≤ j ≤ 3 and for a.e. t ∈ (0, T ), the derivative ∂ t v(x, t) exists and
3 \∂Ω and a.e. t ∈ (0, T ), and v(x, t) → 0 (|x| → ∞) for t ∈ [0, T ] ∩ R. This lemma follows from Lebesgue's theorem on dominated convergence and from the equations
. Now we may state the main result of the present article.
, if this mapping is defined by
3 with div w = 0 and for a.e. t ∈ (0, T ). There is a constant C > 0, depending on τ, diam Ω, k(Ω), α(Ω), D 1 , ..., D 5 and p, such that the inequality
We will also show the following
for j ∈ {1, 2, 3} and for a.e. t ∈ (0, T ), x ∈ ∂Ω.
Let us still state a consequence of Theorem 2.3. T (Φ) | Z T may be considered as a mapping from (0, T ) into V ′ in the sense that 
3 ) (whose domain is S T ), the zero extension of Φ to S ∞ belongs to
. Moreover, for p, T as before, and for
T (Φ | S T )(x, t) for (x, t) ∈ Z T . Thus, without loss of generality, we may restrict ourselves to the case T = ∞.
The key estimates leading to Theorem 2.3 and 2.4 are given by the two ensuing lemmas.
, the following inequality is valid:
, we may assume without loss of generality that p < 2. Thus let p ∈ (4/3, 2). Take Φ as in the lemma, and let ν ∈ {0, 1}. Then, for t ∈ (0, ∞),
with
∩ Ω). By (11) and Hölder's inequality, we get for t ∈ (0, ∞),
Therefore, in the case ν = 0, by Hölder's inequality, 0, ∞) ). In the case ν = 1, we deduce from (13), using Young's inequality (Theorem 2.2),
. Now take i ∈ {1, ..., k(Ω)} and consider C i (t). Abbreviate
Then we get by changes of variables as in (6) and (8), and by referring to (7):
By first applying Minkowski's and then Young's inequality (Theorem 2.1 and 2.2, respectively), we may conclude for t ∈ (0, ∞):
for r, t, σ ∈ (0, ∞) with σ < t. It follows from (16) that
for t ∈ (0, ∞). In the case ν = 0, the right-hand side of (17) is dominated by
In the last inequality, we used that p < 2, hence −2/p < −1. But p > 4/3, hence −4/p + 2 > −1, so we may conclude that
In the case ν = 1, we find with (17) and Young's inequality,
Note that −1/2 − 1/p < −1 because of the assumption p < 2. In the case ν = 0, we may deduce from (12), (14) and (18) that
for t ∈ (0, ∞).
As concerns the case ν = 1, we refer to (12) , (15) and (19) to obtain
Inequality (20) and (21) yield the lemma.
Lemma 3.2. The inequality
Proof. Take p and Φ as in the lemma. Let j ∈ {1, 2, 3}, α ∈ N 3 0 with |α| 1 ≤ 1. Then, for t ∈ (0, ∞),
with A α (t) defined as an abbreviation of the term
and with B α (t) defined in the same way, except that the term
, y ∈ ∂Ω, so we may conclude from Lemma 2.4 with K = R 0 /2, and from Lemma 2.1,
0 with |α| 1 ≤ 1, t, σ ∈ (0, ∞) with σ < t. It follows with Lemma 2.2 that
Now Hölder's inequality yields
and Young's inequality (Theorem 2.2) implies for α ∈ N 3 0 with |α| 1 = 1,
Concerning B(t), we obtain by Minkowski's inequality (Theorem 2.1), (t ∈ (0, ∞)),
and by Hölder's and Young's inequality (Theorem 2.2), if α ∈ N 3 0 with |α| = 1: 
The lemma follows from (22) -(24), (26), (27).
As a first consequence of Lemma 3.1 and 3.2, we obtain an estimate of V 
Proof. Since |x − y| ≤ 2 · R 0 for x ∈ Ω R 0 and y ∈ ∂Ω, Lemma 2.4 with K = 2 · R 0 shows that |∂ α x Λ jk (x − y, t − σ, τ )| is dominated by C · (|x − y| 2 + t − σ) −3/2−|α| 1 /2 for x ∈ Ω R 0 , y ∈ ∂Ω, t ∈ (0, ∞), σ ∈ (0, t), α ∈ N 3 0 with |α| 1 ≤ 1. Thus Corollary 3.1 follows from Lemma 3.1 and 3.2.
We complete the proof of Theorem 2.3 by establishing the following Lemma 3.3. The inequality
Proof. Take p, Φ as in the lemma, and abbreviate V := V It follows that ∂ t V( · , t) 2 V ′ ≤ C · Ω |∇ x V(x, t)| 2 dx for t ∈ (0, ∞), so Lemma 3.3 follows from Corollary 3.1.
